A failure mechanism which entails grain boundary sliding and brittle crack extension along grain boundaries is analyzed. It is demonstrated that the crack growth, which occurs above a threshold stress, is dictated by the grain boundary viscosity, fracture energy, the grain facet length, and the boundary orientations vis-a-vis the applied stress. The time taken to form a stable facet-sized crack is derived, and shown to be non-linear in the applied stress. The creep strains that result from this mode of cracking are generally small and non-linear.
b d cav1 y arrays, e1 er y 1 us1on or y v1scous ow or a oun ary phase, has attained an advanced level of comprehension. The coupled cavity propagation, coalescence effects that dictate the final failure 7 have also been examined, using statistical methods; although these developments are at an elementary level. The intent of the present paper is to examine brittle crack extension as an alternate mechanism of creep fracture.
Several authors have examined the problem of brittle cracking along grain boundaries during creep.B-ll These studies have generally commenced from the premise that grain boundary sliding will be occurring (during steady state creep) at a specified rate, u b , and that the g . . s resultant sliding displacements provide the impetus for extension of a brittle wedge crack (Fig. 1 ). However, a prescribed steady state grain boundary sliding can only be occurring if the sliding is everywhere accommodated either by diffusion 12 or, perhaps, by cracking. If it is implicitlyassumed that diffusional accommodation is occurring, then it must be appreciated that diffusion will also modity the configuration of the crack tip.
1~3
In fact, the crack (which becomes a cavity) will extend by diffusion, in accord with the descriptions outlined by bl' t' 13 t10n o t e a1 ure process, w1 -e presen e 1n a su sequen pu 1ca 10n.
In the present analysis diffusion is not admitted and the only permissible viscous motion is grain boundary sliding. Brittle cracks are then tenable. The occurrence of this condition must be limited (since grain boundary sliding itself usually involves diffusive processes, because of the presence of ledges and of non-planarity), but important situations can be conceived wherein the proposed process might be encountered. For example, ceramics prepared by liquid phase sintering (e.g., Si 3 N 4 ) often have planar boundaries, and contain a second phase at the boundaries that is too narrow (a few lattice spacings) to admit viscous modifications of the crack tip but wide enough to facilitate
oun ary s 1 1ng.
The analysis of crack extension along individual grain boundary facets is followed by an examination of both the creep strains that can be induced by this cracking process and the resultant failure times.
It is demonstated that the creep strain rates are generally small and non-1 i near,
THE CRACK EVOLUTION SEQUENCE
If diffusion or viscous flow are excluded, grain boundary sliding will result in elastic stress concentrations at grain triple points. 16 • 17 The stress concentration in the absence of plasticity has the square root singularity, typical of shear cracks. A crack will develop from the triple point either if the singularity attains the critical level required for grain boundary fracture, Kg.b, or if a defect of sufficient c size pre-exists at the grain boundary. The onset of cracking will thus depend on the local conditions at individual triple points.
The presence of the crack will relax the elastic stress concentration at the triple point and permit the adjacent boundaries to slide: thereby producing an opening displacement at one end of the crack. As the sliding progresses, the stress intensity factor at the micro-crack tip increases, causing additional crack extension and further sliding (Fig. 1) . Also, the stress concentration at the neighboring triple points becomes enhanced, leading to an increased probability of microcrack initiation at these locations. Once the crack reaches the opposing triple point, the singularity at its tip will begin to relax, by sliding of the intersecting boundaries (Fig. 1) , and further crack extension will be suppressed. The ultimate formation of open facet-sized cracks is thus to be anticipated. Failure will presumably occur when sufficient contiguous boundaries have developed cracks to form a macrocrack of critical size. 7 The interaction of propagating cracks with preformed cracks is thus undoubtedly involved in the failure process.
STRESS INTENSITY FACTOR SOLUTIONS
The extension of a wedge crack that emanates at a triple point has previously been analyzed using a cracked dislocation solution, first proposed by Stroh 18 and extended by Cottrell . 19 This solution can be demonstrated (Appendix I) to exhibit the form;
where 2h is the wedge opening, a is the crack length, K is the stress intensity factor, E is Young's modulus and o is the component of the n applied stress normal to the crack. The first term is due to the normal opening of the crack K and the second derives from the wedge opening 0 produced by sl-iding, Kw. However, this solution is inadequate for the complete description of the wedge crack extension; because the wedge opening h cannot be specified~ Q!:_iori (steady state sliding will not occur in the present problem). A companion solution that provides the requisite complementary information can be derived from recent stress intensity solutions for the kinked crack, 20 with the kink at an inclination ¢ to the sliding boundary (Fig. 2) . The pertinent stress intensity factors are deduced by regarding the primary crack as being subjected to a pure shear stress T (Fig. 2 ) plus a small superimposed crack surface traction to prevent opening of the primary crack (Fig. 2) . The mode I and II stress intensity factors provided by the analysis are then combined in accord with the coplanar strain energy release rate criterion to obtain the driving force KT for coplanar wedge crack extension, as;
The results, plotted in terms of the normalized stress intensity factor KT(=KT/T/I), are shown in Fig. 2 for several inclinations, cj>o There is an equivalent enhancement of the mode II stress intensity factor at the other triple point. For applied stress conditions other than pure shear parallel to the sliding boundary, the important stresses are the shear stress resolved along the boundary Ts and the normal stress that induces an additional wedge crack opening. Information concerning the relation between h/a and Tsii can clearly be extracted from a detailed comparison of the two solutions. However, this is not required for present purposes.
Comparing K from Fig. 2 with the critical value for grain boundary fracture K~.b (Fig. 3) permits the prerequisites for crack formation on a specific facet (as well as the ultimate wedge crack extension on that facet) to be specified. Thereafter, the rate of crack extension on the susceptible boundaries can be determined, as demonstrated in the following section. The susceptibility of a boundary to cracking is simply ascertained by comparing Kat (a/£) = 0 (referred to as K 0 ) with K~·b.
Those boundaries for which K 0 > K~.b will exhibit an instantaneous tendency for crack initiation. Then, for those grain orientations in which K decreases as a/£ increases, the cracks will stabilize at a/£<1, if the minimum in K (K . ) is less than Kg.b (Fig. 3 ). The wedge opening m1n c at stability hs can be related to the stable crack length as (from Eqn. 1) by; cavities to evolve will be addressed in the following section.
CRACK PROPAGATION 4.1 General Considerations
A crack will propagate whenever the stress intensity factor K exceeds the critical value Kg.b. The motion of a crack on a susceptible c boundary (determined as described in the preceding section) can thus be directly obtained from Eqn.
(1) (with K replaced by the critical value), provided that the time dependence of the opening h can be established. The rate of wedge opening h is determined by a conventional spring, dashpot approach; wherein the opening is motivated by the elasticity of the material and resisted by the viscosity n of the sliding boundary (Fig. 4) . The wedge opening permitted by the elasticity of the material is governed exclusively by the grain boundary sliding and therefore relates to the resolved shear stress T . The normal stress s is not involved because it generates an opening at the crack center but not at the wedge. The problem is most conveniently posed using the illustration shown in Fig. 4 . The wedge crack releases the constraint of the surrounding grains on the triple point and the grain on one side of the sliding boundary exerts an elastic force P on the triple point.
The initial magnitude of the elastic force, P , when the wedge opening 0 is zero, is related directly to the revolved shear stress T by; s = T ib s
As the crack extends and the wedge opening increases the force de- (4) creases, and must reduce to zero at elastic equilibrium, i.e., at the stable value of the elastic wedge opening, hw. The reduction in force occurs in accord with the linear elastic properties of the grain, such
The average effective shear stress TB acting on the boundary at any instant is related to the force P by, Combining Eqns. (4), (5) and (6) the stress TB that dictates the sliding becomes (since h<<£);
.
(5) (6) 
The sliding rate u at any location along the boundary is related to the effective local shear stress T by the usual relation X
where ob is the thickness of the boundary. Alternatively, the average sliding rate <u> can be related to the average effective stress TB by;
. <U> = T cS /n B b (9) Combining with Eqn. (7) the average sliding rate becomes
In order to relate this result to the wedge opening rate h, we note that the elastic displacement u of a mode II crack (length 2~) subjected to uniform shear varies with distance x from the center as
The average displacement is thus; ( 12) and the maximum displacement u at the center (x=O) is
where u ~ h cosec ¢. The average sliding displacement <u> is thus related to the wedge opening h by Tf <u> = ~ h cosec ¢ ( 14) Substituting <u> from Eqn. (14) into Eqn. h/hw = l -exp ( 16) where the relaxation time tR is;
Evidently, for those boundaries on which the crack stabilize at (a/~) <l, the time taken for the crack to attain its stable length atoo·
This characteristic re-emphasizes the relative insignificance of cracking on these boundaries: with regard to contributions to the creep strain and the failure time. A more significant problem is the propagation time for those cracks that only stabilize when a+~; a problem examined in the following section.
The Propagati!)_IJ_Time
The crack propagation under conditions where Kg.b< K . will exc 'lmn hibit the general characteristics depicted in Fig. 5 . The initial growth is constrained by the grain boundary sliding rate. However, when the crack reaches a critical length a*, at which it can continue to propagate at a fixed wedge opening h* (due to the action of the normal stress, on), the constraint imposed by the boundary sliding rate becomes relaxed and the crack will extend catastrophically up to the stable length ~. The propagation time t is determined by the time taken for the crack to p attain the critical length a*. Hence, tp can be ascertained if both a* and the driving force for sliding in the range 0 <a <a* can be deduced.
The critical length a* is given by the coupled requirement that K increases with crack length at a fixed wedge opening h, i.e., the crack is driven by the normal stress, and that Kat this condition, K*, is equal to Kg.b.t The first condition is established by determining c when K for a fixed h is a minimum; because, upon exceeding the minimum, K will increase monotonically with crack length and the crack will become unstable. Hence, differentiating Eqn.
(1) with respect to a at fixed h and setting to zero, gives ( 17) Substituting h* from Eqn. (17) into Eqn.
(1), and requiring that the resultant K = Kg.b, then gives; c a* = 2 1 , [rJ ( 18) The equivalent critical wedge opening h*, obtained from Eqn. (l) is; h* = ( 19) tThe crack growth constrained by the ~edge opening always occurs with K = Kg.b. hence. K* cannot exceed Kg.b until the growth becomes catac ' J c strophic.
The equilibrium elastic opening h (at which the elastic driving w force is zero) is dictated exclusivel by the grain boundary sliding and represents the opening at which sliding would cease. The equilibrium opening will depend on both the instantaneous crack length and the inplane shear stress. It can be ascertained by equating the wedge opening components of Eqn. (1) and Fig. 2 , by noting that the wedge opening, K, w pertinent to Fig. 2 is (20) The equilibrium opening then becomes,
where KT is obtained from Fig. 2 . The instantaneous wedge opening h prior to catastrophic extension is determined by applying the crack extension requirement (K = K~'b) to Eqn. (1), 9iving (22) Differentiation then yields the opening rate h, as where B = T/Ono For stresses considerably in excess of the threshold.
such that a*«ath' and forB values typical of crack-susceptible boundaries ( s~ l ) , Eqn, ( 26) reduces to;
The early growth is thus dominated by the square root term in the numerator -a deceleartion; while the final stages of growth, dictated (26) by the denominator, are accompanied by a crack acceleration, These trends are evident in Fig. 6 . Also, note that the facet length ~ does not enter this limit solution.
The time of propagation t of a crack across the boundary facet The non-linear stress dependence is significant: a result that essentially derives from the condition that the crack length at critically a* is proportional to the inverse square of the normal stress. Di Equivalent crack morphologies are thus adopted for the estimation of
c anges 1n comp 1ance an ence, to o ta1n t e creep s ra1n ; 0 t:: :::: E [I - (35) where N is the number of cracks in the volume V and a+ is the radius of the equivalent crack (e.g., a+ may be taken as the sum of the actual crack length and the length of the contiguous sliding boundary), Consider first the trivial case, in which all boundaries subject to tension contain cracks. Then, Eqn. . s = (37) A detailed analysis of the crack size distribution, as a function of time, is needed in order to relate this strain-rate to the time independent variables. This is beyond the scope of the present paper. However, if all cracks are considered to be similar in length, the time dependence of the crack length, deduced by integrating the simplified crack velocity relation (Eqn. 27),
can be combined with Eqn. (37) to yield an expression for the strainrate. For the initial stages of creep (a< a*<£). the result obtained by setting a~ a+ is;
A highly non-linear, time variant, creep strain is thus to be anticipated for conditions which promote the relatively uniform growth of grain boundary cracks.
More generally, cracks can be expected to accumulate as full facetsized cavities (as relaxed by boundary sliding) on boundaries of diminishing susceptibility. Then, a statistical function (that describes the relative cracking susceptibilities of boundaries within the polycrystallin~ aggregate) is required to deduce the creep strain. Defining¢ as the cumulative probability that a tensile boundary will have developed a full facet-sized cavity, length £, at timet, the creep strain derives from Eqn. (36) as;
The strain rate is thus;
which for iP « 1 (i.e., small strains) reduces to;
Adopting a previous suggestion that, for small ¢ 7 ,
where k is a shape parameter and t .
where 11 0 is the scale parameter derived from the quantity,
It is noted that a steady-state creep prevails when the shape parameter 1, with a stress exponent of three. Oth~rwise, accelerating or decelerating creep strains are to be anticipated. Further study is needed to specify the microstructural rationale for the choice of the shape parameter, k, and hence, to predict specific creep strain rates.
The Failure Time
The failure time also depends upon the uniformity of the crack propagation process (amongst the tensile boundaries). For relatively uniform growth, the propagation time tp anticipated by Eqn. (30) comprises the initial constituent of the failure sequence. This is superseded by unconstrained sliding, which contributes an additional time to the ultimate separation, given by Eqn. (/\11). The total failure time is thus;
where n is a coefficient (~5) that depends upon the grain morphologies considered.
T .
Since 0 must exceed the threshold for crack initiation 
APPENDIX I THE STRESS INTENSITY FACTORS FOR A CRACKED DISLOCATION
The change in the mechanical energy 6U of a system subject to a tensile stress o, during the formation of a wedge crack of length a and heigth 2h (Fig. 4) that forms normal to the stress is given by; 18
where b is the sample width and R is an arbitrary field radius. Since the crack can only extend from one end, the strain energy release rate, G, is; Rearranging to obtain the wedge opening gives; 
£~-)
The corresponding strain-rate is The variation of stress intensity factor with crack length and angle, for a kinked crack subject to in-plane shear and small closure tractions.
A schematic derived from Fig, 2 indicating the critical stress intensity factor and the regions of stable and unstable crack extension.
A schematic illustrating the elastic driving force for boundary sliding and crack opening and the resistance provided by the grain boundary viscosity.
A typical variation in relative crack length with time. The initial region is limited by the viscosity of the sliding boundary and is followed by a region of unstable growth.
The variation in crack velocity with crack length for conditions, ¢ = n/4 and S = 1.
Crack propagation times plotted as a function of stress level and angle for a shear ratio T /o = 1. s n Sliding controlled deformation in the fully cavitated condition. 
